Small-scale dynamics is the spirit of turbulence physics. It implicates many attributes of flow topology evolution, coherent structures, hairpin vorticity dynamics and mechanism of the kinetic energy cascade. In this work, several dynamical aspects of the small scale motions have been numerically studied in a framework of Rayleigh-Bénard convection (RBC). To do so, direct numerical simulations have been carried out at two Rayleigh numbers Ra = 10 8 and 10 10 , inside an air-filled rectangular cell of aspect ratio unity and π span-wise open-ended distance. As a main feature, the average rate of the invariants of the velocity gradient tensor (Q G , R G ) have displayed the so-called "teardrop" spiraling shape through the bulk region. Therein, the mean trajectories are swirling inwards revealing a periodic spin around the converging origin, of a constant period that is found to be proportional to the plumes lifetime. This suggests that the thermal plumes participate in the coherent large-scale circulation and the turbulent wind created in the bulk. Particularly, it happens when the plumes elongate substantially to contribute to the large-scale eddies at the lower turbulent state. and diffusive dissipation to be definitely blameworthy of generating the hairpin vorticity dynamics, non-Gaussianity, strain/dissipation production and the cascade of kinetic energy mechanisms. Studying their evolution gives us fundamental perspectives of flow topology and thus, many physics of turbulence become intelligible.
Since the early 90s, a major attention has been given to the important role of velocity derivatives in the topological classification of fluid motions 3 and the small-scale dynamics 4, 5 .
Thereby, several universal features of the small scale turbulence are observed, e.g. the inclined "teardrop" shape of the joint probability density function (PDF) of Q G (the second) and R G (the third) invariants of the velocity gradient tensor, and the essential preferential alignment of vorticity with the intermediate eigenvector of the rate-of-strain tensor. They have been observed in various turbulent flow configurations such as isotropic turbulence 5 , turbulent boundary layer 6 , channel flow 7 , turbulent mixing layer 8 and turbulent jets 9 . However, their thermally driven analogues, as in the developed natural convection flow heated from below and cooled from above, namely Rayleigh-Bénard convection (RBC), are far from being satisfactory.
Buoyancy-driven flow in RBC has always been an important subject of scientific studies with numerous applications in environment and technology. It constitutes a canonical flow that approaches many natural and industrial processes such as ventilation of indoor spaces, cooling of electronic devices and coherent circulations in solar collectors, oceans and atmosphere. In spite of its well-defined mathematical formulae, in principle given by Navier-Stokes (NS)-under Boussinesq approximation-and energy equations (see Section II), the resultant dynamics is strongly featured by intrinsic instabilities, counter-gradient diffusion, augmented pressure fluctuations and strong interactions between kinetics and thermals diversely distributed over flow regions. This nature has inspired significant inherent complexities in the view of turbulence models, and the proper reproduction to the coherent large-scale circulations in RBC 11 . Therefore, understanding the dynamics of small scale motions and their lifetime evolution can play a major role in the scope of turbulence modeling.
Indeed, a considerable advancement that unravels many involved physics of the problem has been obtained across theories 12, 13 Their analysis 10 is limited to a soft turbulence regime, and no descriptions on the universal features of the small scale motions, the mechanisms of their dynamics and flow topology changes are given.
In this study, we provide an investigation on the dynamical universal features of small scale motions in RBC, commonly observed in many turbulent flows. Basically, the average evolution of Q G and R G invariants (defined in Section III) of velocity gradient tensor G = ∇u, is studied within the bulk region to show the cyclical action of flow topology change converging towards the origin. By doing so, we extend the averaging dynamical approach applied to isotropic turbulence 
II. DETAILS OF THE DIRECT NUMERICAL SIMULATION
The data set used in this work is based on instantaneous fields of a DNS study in a Rayleigh-Bénard framework. Namely, we simulate the incompressible NS and thermal energy equations given by:
where D/Dt = ∂/∂t + (u · ∇) is the Lagrangian derivative, p is the pressure, T is the temperature and u = (u, v, w) is the velocity vector in Cartesian coordinates x = (x, y, z).
Equations (1) and (2) are written in a non-dimensional form using the height of the fluid layer H, the temperature difference between the upper and the lower surfaces ∆Θ and the free- within the numbers of Prandtl P r = ν/κ (here P r = 0.7) and Rayleigh Ra = gα∆ΘH 3 /νκ (10 8 and 10 10 ), and in responding to that physics, the average Nusselt number Nu is given by:
where the angular brackets operator · indicates the temporal average (likewise it denotes the ensemble average in the statistical analysis), and the subscript symbol A refers to the average over (x-y) plane at position z. ν is the kinematic viscosity and κ is the thermal diffusivity.
Numerically, the governing equations (Eqs.1 and 2) are discretised in space on a Cartesian staggered grid using a finite-volume fourth-order symmetry-preserving scheme 21 that preserves the underlying symmetry properties of the continuous differential operators. Following an operator-based formulation, the discretised NS equations (Eq.1) are given by:
where u h is the discrete velocity vector, M is the discrete divergence operator and Ω Ω Ω is a diagonal matrix, which contains the sizes of the control volumes. The resulting convective coefficient matrix, C(u h ), is skew-symmetric and the discrete diffusive operator, D, is a symmetric negative-definite matrix. These global discretization properties ensure both the stability and that the global kinetic-energy balance is exactly satisfied even for coarse meshes.
Therefore, the kinetic energy is not systematically damped by the discrete convective term, or does not need to be damped explicitly to ensure stability of the method. Regarding the time evolution of the cell-centered temperature, T h , it is discretised in the same way.
Then, for the temporal discretization, a second-order self-adapting explicit scheme is used 22 .
Unlike the conventional explicit integration schemes, it is not based on a standard CourantFriedrichs-Lewy (CFL) condition. Instead, the eigenvalues of the dynamical system are analytically bounded, and the linear stability domain of the time-integration scheme is adapted in order to maximize the time step, ∆t. More details can be found in Trias et al. 22 . Finally, the velocity-pressure coupling is then solved by means of a classical fractional step projection method 23 : a predictor velocity u p h is explicitly evaluated without considering the contribution of the pressure gradient. Then, imposing the incompressibility constraint, to be solved at each time step using the Fourier-based solver 24 . Briefly, it is a scalable parallel solver that uses diagonalization by means of a FFT in the periodic direction to uncouple the original 3D system into a set of independent 2D systems. These 2D systems are solved using a preconditioned conjugate gradient method except for the first lowest-frequency systems which are problematic for an iterative solver. Those few systems are solved with a parallel direct Schur complement-based method. The accuracy of the solution is automatically tuned during simulation in order to provide the requested reduction of the divergence norm |Mu The grids are constructed with a uniform grid spacing in the periodic x-direction, while the wall-normal points are distributed following a hyperbolic-tangent function with an equal number of nodes (N y = N z ), given in z-direction (identical for y-direction) by
where γ z is the concentration factor in the z-direction. For details about the numerical methods, algorithms and verification of the DNS code the reader is referred to Trias et al. 25 .
RBC is normally identified with predominant thermal and kinetic dissipative small scales which are distributed differentially in the near-walls and the bulk regions 26 . This has always been an important demand to resolve both areas well in order to properly characterize the flow dynamics. To do so, a refinement approach based on the Grötzbach estimate 27 for the Kolmogorov scales, which is given by:
has been considered firstly for the low Ra number. By introducing ∆z max as the maximum grid spacing applied in the core where ∆z max = ∆y max = ∆x, various refinement ratios of the 29 and given, for P r ≈ 0.7, by: Table I ), which sufficiently ensure the statistics convergence.
The bulk region considered in this paper is identified far enough from the solid boundaries and the near-wall influences. Consequently, a subvolume All simulation parameters and grid details are displayed in Table I Nu number, which propose a scaling power equal to β ≈ 0.309 in the Ra-function correlation Nu ∼ Ra β . This value corresponds very well to β = 0.29 proposed by Grossmann 
One-dimensional energy spectra in compensated formulae for the vertical velocity
x E ww (k x ) and the temperature k Further demonstrations on the solution adequacy can be noted in the collapse of the kinetic and thermal energy spectra showed in Figure 3 . It shows the compensated energy spectra in the periodic x-direction for T and w, taken within the thermal BL (insets) and the core Thermal plumes (mushroom-like) have an intrinsic role in activating the energy transport mechanism through the bulk in RBC. In few words, the hot and cold plumes detach respectively from the lower and upper plates. They arise in the bulk with the buoyant acceleration to eventually expand away transforming their portable thermal energy into kinetic one and feeding the momentum 33 . Accordingly to that, and as can be seen in Figure 3 , the behaviour of the thermal and kinetic energy spectra in the bulk appears to be opposite to that in the BL. The kinetic energy is placed higher than the thermal spectrum in the core, while it is lower in the BL, as displayed in the insets. On the other hand, the horizontal walls tends to damp the vertical kinetic energy in the near-wall vicinities, and make the scaling exponents in the BL, different (smaller) than in the bulk. Analysis of the spectra at different distances from the horizontal walls 28, 33 , shows that the level of the kinetic energy is continuously increasing towards the cell centre, while the temperature spectrum is slowly decreasing outside the BL towards the core. That mechanism is basically related to the thermal plumes evolution. Taking a closer view, the thermal energy at Ra = 10 8 is higher than its counterpart at Ra = 10 10 for the lowest wave-number (k 
III. INVARIANTS OF THE CLASSICAL VELOCITY GRADIENT TENSOR
Extensive background material concerning the crucial role of velocity gradients in the topological classification of the flow and small-scale dynamics can be found in many works, Martín et al. 4 , Ooi et al. 5 and others. A short review of the definitions and the physical meaning of the invariants of the velocity gradient tensor G = ∇u are given here for incompressible flow. Namely:
where P G , Q G and R G are the first, second and third invariant of G, respectively. It is useful to recall that G can be decomposed into its symmetric and antisymmetric parts, S = 1/2(G+G t )
and Ω = 1/2(G − G t ), respectively, where S denotes the rate-of-strain tensor, and Ω is the rate-of-rotation tensor. Their invariants play an important role in the identification of coherent structures 3, 5, 7, 9 , and the development of new turbulence models 37 . For example, the second invariant
2 is proportional to the enstrophy density.
Therefore, it identifies tube-like structures with high vorticity ω = ∇ × u. The invariant compression. However, when R G > 0 and Q G ≪ 0, the straining production becomes the dominant one and associates mostly with strong and unstable sheet-like viscous dissipative structures. Figure 4 shows the four main classes of the possible flow topology in (Q G , R G ) phase plane taken from Ooi et al. 5 , where more details thereof can be found in the above references.
A. Universal aspects of turbulence structures
Many turbulent flows have revealed an inclined "teardrop" shape of the joint PDF (Q G , R G ), which has been speculated as a kind of universality in the space of invariants 2 .
Despite the different global flow geometries created in many types of turbulence, e.g. an isotropic turbulence 5 , turbulent boundary layer 6 , turbulent channel flow 7 and others 8, 9 , all displayed the same feature of preferred (Q G , R G ) statistical correlation in areas dominated by small-scale vortex stretching and viscous dissipation structures. This behaviour as a common aspect of 3D turbulence and its Gaussian-deviation property, is extended here to include the buoyancy-driven flows in a Rayleigh-Bénard framework at hard turbulent regime. 
To do so, the joint PDFs of Q G and R G invariants through the bulk (V bulk ), have been plotted in Figure 5 . The invariants are normalized using Q Ω (following Ooi et al. In order to gain an understanding of the spatial structure of turbulence, an instantaneous 3D visualization of Q G iso-surface at high positive values is plotted in Figure 6 . The structures take the shape of the so-called worms 2 , which are classified as stable tube-like focal stretching topology of intensive enstrophy values. As can be seen in Figure 6a , the worms are characterized by large fragmentations with an elliptical cross-section in the case of Ra = 10 8 . They seem to be aligned in many places with the evolution of the thermal plumes (hot 2D black contours), which expand in the bulk to support the prevalence of the tube-like rotational topology.
Plotting the joint PDF map of Q Ω and −Q S invariants can provide significant physical information about the dominant flow topologies respect to the kinetic energy dissipation. towards high Q Ω with long-lived solid-body rotation.
When the flow becomes significantly turbulent at Ra = 10 10 , the turbulent background velocity derivatives as −Q S (the viscous strain and Q Ω in concomitant), get self-amplified 2 .
They often surpass the original large-scale forces generated here by buoyancy, as reported by Tsinober 2 . This self-growing of turbulent dissipation −Q S can be clearly identified in the (Q Ω , −Q S ) map in Figure 7b . It works on contracting the worms to be composed in smaller and numerous fragments within the bulk (see Figure 6b) . Physically, the nonlinearities as the enstrophy production (4tr(Ω 2 S) = ω · ωS), become increased, and conduct the local growing of the strain-dominated regions. While, an enhanced equilibrium between these nonlinearities (e.g. the vortex-stretching vector ωS), and its viscous destruction (P r/Ra) 1/2 ω∇ 2 ω take place mostly in regions of enstrophy concentrations (i.e. the worms) 2 . These processes are explained and justified in detail by Tsinober 2 . They are essentially interconnected in the frame of the enstrophy transport equation:
and the transport equation of the strain product S 2 /2 (Eq. 17). Following Tsinober 2 , these events are normally associated with (i) large strain (as outlined above), (ii) high alignment of vorticity with the most extensional eigenstrain λ 1 (observed below), and (iii) strong tilting of worms (visible in Figure 6b ).
Similarly to many turbulent flows we notice the preferential alignment between ω and term. In other words, these self and local strain growing regions at Ra = 10 10 , contribute to local effects associated with (self) interactions of ω and S 2 . However, we cannot generalize these events (with Ra increment), as many issues, i.e. the increased nonlinear enstrophy production, predominant nonlocality and interactions between large and small scales, are essential in vortex-stretching origins. For example, within a frame of forced, homogeneous, isotropic turbulence, Hamlington et al. 38 have reported a preferential alignment of vorticity with the most extensional eigenvector of the nonlocal (background) strain. Namely, they decompose the strain rate into its local part i.e. the self-induced strain field within the vicinity of a typical vortical structure, and its nonlocal part, where the strain is essentially induced by all the surrounding other vorticities outside the vortical structure. They found that the vorticity is preferentially aligned with the most extensional background strain rate eigenvector to support the linear contribution to the vortex-stretching dynamics. Hence, this may lead us to the assumption that when the flow is extremely turbulent, the characteristic flow scales get smaller, and the vorticities lay closer and become correlated. As a result, the background-strain (ω, λ 1 ) alignment arises and combines with the local-based one to eventually yield a general enhancement of local interaction ω/S.
Another important alignment defined by cos(ω, ωS) = σ i cos
is outlined in this study, as a universal feature. Again, it emphasizes on the predominant vortex-stretching action through the bulk, and the net enstrophy production is always positive i.e. ω · ωS > 0, in the two turbulent cases. As shown in Figure 8b , both distributions are identically asymmetric and positively-skewed, which probably corresponds to the events associated with strong alignment between vorticity and the intermediate eigenstrain vector 
B. Dynamics of Q G and R G invariants
The joint PDFs of (Q G , R G ) invariants have provided a statistical picture of the most prevalent distribution for the flow topology and structures, averaged in time and volume.
Nonetheless, studying the evolution of Q G and R G invariants in a Lagrangian frame allows a dynamical observation of the 3D small-scale turbulence mechanisms, such as the vortex stretching and turbulent kinetic dissipation. Namely, in the frame of a moving observer following a fluid particle, the local surrounding flow structures are essentially described by G and its Galilean invariants, i.e. Q G and R G . They change in time throughout their lifetime to be finally destroyed in average and leave the large scales of the coherent uniform flow. 
where H(φ) = ∇∇φ is the Hessian of a scalar field φ. Then, using the definitions of the invariants (Eqs.10 and 11), the evolution equations of Q G and R G read as:
where H G is a second-order tensor which includes the resultant pressure Hessian, diffusive and the buoyancy terms as:
where I is the identity matrix.
The left-hand sides in Eqs. (14), i.e. DQ G /Dt and DR G /Dt, are analysed using an averaging approach identical to Ooi et al. 5 and Elsinga and Marusic 6 . Namely, the mean temporal rate of change in the invariants Q G and R G is computed from a set of instantaneous flow fields conditionally upon the invariants themselves. The corresponding approach reads as: the joint PDF map of (Q Ω , −Q S ) invariants displayed in Figure 7a presents a similar distribution as the forced isotropic turbulence investigated in Ooi et al. 5 . However, the present proportionality T 0 in respect to τ eddy , differs from that outlined by Ooi et al. 5 , who reported a factor of three times T 0 ∼ 3τ eddy . This discrepancy could be returned to the confined configuration of our RBC (adiabatic sidewalls) as well as the mechanism of the thermal plumes in injecting the kinetic energy to the large-scale eddies. Indeed, the measured periods T 0 can be compared to the average plume lifetime τ pl with almost three times factor 
C. Dynamics of R S and tr(Ω 2 S) nonlinearities
In order to elucidate the impact of the local self-amplification of G (at least at high
Ra numbers) more, the dynamics of the physically meaningful third-moment nonlinearities described by the enstrophy production R S − R G = tr(Ω 2 S), and the quantity R S (as a contribution of the straining production) have been studied. They both constitute the production term of the strain product S 2 /2 ∼ −Q S inside the transport equation, which reads as:
with
In the frame of an isotropic turbulence, statistical analysis of these nonlinearities, as the joint PDF (R S − R G , R S ), was earlier performed by Kholmyansky et al. 41 . It revealed that the two such nonlinearities, namely, enstrophy and strain productions, are locally different and only weakly correlated. Others like Lüthi et al. 42 , again for isotropic turbulence, have stressed on the importance of these nonlinearities by studying the evolution of the small scale motions in a 3D phase space {Q G , R S , R S − R G }.
In this work and in the bounds of V bulk , the joint PDFs of (R S − R G , R S ) are plotted in Figure 10 for both turbulent cases. The two invariant-based terms are normalized by outlined in Section III A. Namely, at Ra = 10 10 , a local self-amplification of G (−Q S and Q Ω in concomitant) takes place and produces simultaneously an increase in the nonlinearity of vortex stretching (in slots of S 2 ) with enhanced local interactions of vorticity/strain.
Following an identical procedure to (DQ G /Dt, DR G /Dt) in the previous Section, the conditional mean trajectories of (D(R S − R G )/Dt, DR S /Dt) have been plotted in Figure 11 for both turbulent cases in the bulk. As can be seen, the two mean dynamics show a zero starting point since with no straining, no enstrophy will evolve and vice versa 2 . The trajectories start moving towards negative values of enstrophy production to emphasize always on the collaborated role between the vortex compression structures and the strain generation. When R S > 0 the vectors suddenly change their signs to travel upwards with a notably enhanced linear evolution at Ra = 10 10 (see Figure 11b) . The directional change can be returned to the opposite sign of these quantities in the production term of the strain rate −Q S , inside Eq. (17). In agreement with the previous notes, the self-amplified viscous strain −Q S at the higher Ra number is apparently recognized through further contraction of vorticities (R S − R G < 0) and growing strain regions (R S > 0), which is revealed in higher linear and organized act of trajectories in that zones. This confirms again the direct and local assistance of vortex compression to the dissipative actions and energy cascade 2 (in a hard turbulence case). Afterwards, once the evolution enters the stretching area (R S − R G > 0), a sharp decay towards the small values of R S takes place at Ra = 10 8 (Figure 11a ). This displacement could be returned to the nonlocality effect since we are in the centered vorticity tube-like filaments/worms. However, at the higher Ra number the trajectories tend to move more softly indicating the improved localization of nonlinearities in those areas. It is sustained by strong linear interactions in regions of (R S > 0 and R S − R G < 0), which in turn make a positive contribution to the magnitude of the vortex-stretching vector ωS 2 .
Finally, the mean trajectories spiral inwards converging in part towards the origin. They tend to either return to the starting point close to the origin, or change their direction to higher values across R S < 0 and R S −R G > 0, again, with higher linearity at Ra = 10 10 . It is important to note the positive end (origin) of ( D(R S − R G )/Dt , DR S /Dt ), which asserts the predominance of vortex stretching ( ω · ωS > 0), and the concomitant predominant self-amplification of viscous strain/dissipation production (R S > 0), generally happening in 3D turbulence 2 .
IV. INVARIANTS OF THE VELOCITY-TIMES-TEMPERATURE GRADIENT TENSOR
Hereafter we consider the gradient of velocity multiplied by temperature tensor G θ = ∇(uT ), which couples the kinetic and thermal small scales of motions. Notice that u and T are defined in such a way that Ω udΩ = 0 and Ω T dΩ = 0. This tensor contributes to the turbulent heat flux and buoyant production, given as w ′ T ′ , which is found to be directly associated with the evolution of thermal plumes 14 . On the other hand, its invariants (such as the magnitude |G θ | = (G θ : G θ ) 1/2 ) address in some sense, strong interactions of kinetic and thermal dissipation rates. Namely,
The strain part therein, is proportional to the local viscous dissipation ǫ, as |S| 2 = S : S = tr(S 2 ) = 1/2(P r/Ra) −1/2 ǫ. On the other hand, when |u| = 1, the l 2 -norm of G θ is proportional to the thermal dissipation rate
Moreover, the viscous and thermal dissipation rates are found to be locally interacted in the regions of thermal plumes, in particular when they exceed their mean values, as outlined in Dabbagh et al. 28 . Consequently, it seems appropriate to utilize the tensor G θ in order to investigate that important mechanism of turbulent heat transport (plumes) in a small scale point-of-view. To do so, we analyse the fine-scale dynamics deeply coupled with the evolution of the thermal plumes by considering a similar approach as for the classical tensor G, applied on the basic invariants of the traceless part of the new tensor, meaningG θ = G θ − 1/3tr(G θ )I. This can permit the analysing of the tensor characteristics identically to the G tensor.
As a starting point, we introduce the evolution equation for uT that follows from the NS and the energy equations (Eqs.1 and 2) through the formula D(uT )/Dt = uDT /Dt + T Du/Dt, as:
At this point, the essential ideas behind this equation can be conveyed more easily by assuming that P r = 1. In this case, the evolution equation reads:
Similarly to the kinetic energy transport equation |u| 2 /2, the evolution equation of e T = |uT | 2 /2 is introduced as:
Notice that the l 2 -norm of G θ contributes to the diffusive term of e T evolution equation, The statistical analysis therein is similar to the classical-based one reported in Figure 5 , except that the studied regime is extended broadly to cover all the domain in order to include the vicinities of emanating thermals. Interestingly, the general aspect shown in They compose a joint PDF feature which seems to be almost similar to the one based on a Gaussian flow field (see Tsinober 2 Figure 9 .1(f) as an example of joint PDF of (Q G , R G ) for a Gaussian velocity field). However, in the hard turbulent state, the plumes are abundantly emitted in the BLs, and rapidly destroyed in the bulk to make the points closely located next to the origin, holding moderate values of (Q G , R G ) (Figure 16b 
. (22) Afterwards, the mean temporal rates of change in invariants QG in Figure 16a . Therein, the averaged evolution starts from zero to swirl downwards to to the mean large scales of heat flux, and just give them a life. This in turn, is not so strange since experiments and DNS indicate that the large scale circulation decreases with increasing the Ra which can be attributed to the decreasing fragmentation of the plumes 14 .
In order to give a broader picture, the mean rate trajectories of QG is plotted in that region to reveal the common spiralling clockwise behaviour of trajectories converging towards the origin. In consistency with previous studies on the small-scale motions (Ooi et al. 5 and Elsinga and Marusic 6 ), the topology surrounding a fluid particle is varying in a cyclical aspect, in the (Q G , R G ) space, from unstable focus, unstable node, stable node to stable focus structures in the both cases. A local self-amplification of velocity derivatives (viscous straining −Q S in the turbulent background) at Ra = 10 10 , aids in contracting the vorticity worms further which assists the decaying events (interplay of the non-local pressure Hessian with the viscous diffusion and energy-injecting terms), and bends the trajectories inwards above the null-discriminant curve. The one period of the periodic spiral orbits near the origin is found to approach T 0 ∼ τ eddy an estimated large eddy turnover time defined in the bulk. On the other hand, the measured period has been compared with the average plume lifetime T 0 ∼ 3τ pl to suggest the participation of the thermal plumes in the large-scale kinetic energy containing eddies and turbulent wind created in the bulk; particularly when the plumes elongate significantly before scattering, at 
